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ON VINOGRADOV'S MEAN VALUE THEOREM: 
STRONGLY DIAGONAL BEHAVIOUR 
^ : VIA EFFICIENT CONGRUENCING 

O 

^ ■ KEVIN FORDt AND TREVOR D. WOOLEY* 

^ • 

■^ ' Abstract. We enhance the efficient congruencing method for estimating 

ly-v I Vinogradov's integral for moments of order 2s, with 1 ^ s ^ k^ ~1. In this 

^S| ' way, we prove the main conjecture for such even moments when 1 ^ s ^ 

j{k + l)'^, showing that the moments exhibit strongly diagonal behaviour in 
r . ' this range. There are improvements also for larger values of s, these finding 

1-^ I application to the asymptotic formula in Waring's problem. 

-(— > 

1. Introduction 

Considerable progress has recently been achieved in the theory of Vino- 
gradov's mean value theorem (see [12], [H]), associated estimates finding ap- 
t~~- ■ plication throughout analytic number theory, in Waring's problem and the 

, theory of the Riemann zeta function, to name but two. The vehicle for these 

^ I advances is the so-called "efficient congruencing" method, the most striking 

_il ■ consequence of which is that the main conjecture in Vinogradov's mean value 

O ' theorem holds with a number of variables only twice the number conjectured 

^^ ' to be best possible (see [121 Theorem 1.1]). Our goal in the present paper is to 

establish the main conjecture in the complementary variable regime, showing 
that diagonal behaviour dominates for half of the range conjectured. In com- 
/\ . mon with the previous work cited, this work far exceeds in this direction the 

c^ ! conclusions available hitherto for any Diophantine system of large degree k. 

When k and s are natural numbers, denote by Js^fc(X) the number of integral 
solutions of the system of Diophantine equations 

s 

Y^{xi-yl) = (l^j^k), (1.1) 

with 1 ^ Xi,yi ^ X {1 ^ i ^ s). The lower bound 

Js,k{X) > X^ + x2^-5fc(^+i), (1.2) 

arises by considering the diagonal solutions of the system (11. ip with Xi = yi 
(1 ^ i ^ s), together with a lower bound for the product of local densities 
(see [6l equation (7.5)]). Motivated by the latter considerations, the main 
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conjecture in Vinogradov's mean value theorem asserts that for each e > 0, 
one haqj 

Js,k{X) < X%X' + x2'^-5'=('=+i)). (1.3) 

In §7 of this paper, we prove the main conjecture fll.3p for 1 ^ s ^ i(fc + 1)^. 

Theorem 1.1. Suppose that k ^ 4 and 1 ^ s ^ ^{k + 1)^. Then for each 
e > 0, one has 

Js,k{X) « X'^'. (1.4) 

In the range 1 ^ s ^ A;, the upper bound Js^k{X) <^ X^ follows directly 
from Newton's formulae concerning the roots of polynomials. Hitherto, the 
only other case in which the bound (ll.4p had been established was that in 
which s = k + 1 (see [3j Lemma 5.4], and [7] for a sharper variant). The 
extension of the range l^s^fc + 1, in which the bound (ll.4p is known to 
hold, to 1 ^ s ^ i(/c + 1)^ covers half of the total range predicted by the 
main conjecture. Previous approximations to strongly diagonal behaviour in 
the range 1 ^ s ^ |(fc + 1)^ were considerably weaker. The second author 
established that when s ^ A;^/^(log fc)~^, one has the bound 

with Us^k = exp(— Afc^/s^), for a certain positive constant A (see [9]), and with 
Us^k = 4:s/k'^ in the longer range s ^ \{k + 1)^ (see [T^). Both results improve 
on earlier work of Arkhipov and Karatsuba pQ and Tyrina [5j , these authors 
offering substantially sharper bounds than the classical work of Vinogradov [8] 
for smaller values of s. 

We also improve upon bounds for Js k{X) given in [12] and [H] in the range 
l{k + iy<s<k^-l. 

Theorem 1.2. One has the following upper bounds for Js^k{X). 
(i) Let s and m be non-negative integers with 

2m ^ k and s ^ {k — mY + {k — m). 

Then for each e > 0, one has 

JsAX) < x2^-5'=('=+^)+^'=''"+^ (1.5) 

where 

h,m = rr?- 
(a) Let s and m be non-negative integers with 

2m ^ k — 1 and s ^ {k — m)^ — 1. 
Then for each e > 0, one has the upper bound M.5\) with 

5k,m = m^ + m + 



2 ^ 



k — m — 1 



Throughout this paper, the imphcit constant in Vinogradov's notation ^ and ^ may 
depend on s, fc and £. 
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We note that the second bound of Theorem II. 2[ with m = 0, recovers 
Theorem 1.1 of [H], which asserts that the bound (11.31) holds for s '^ k^ — 1. 
Meanwhile, the first bound of Theorem 11.21 again with m = 0, recovers the 
earlier estimate provided by the main theorem of |12j, which delivered fll.3p 
for s^ k"^ + k. 

One measure of the strength of Theorem 11.21 compared with previous work is 
provided by the bound for J^ ^(X) furnished in the central case s = ^k{k + 1). 
For this value of s, it follows from P^ Theorem 1.4] that 

with A = |A;^ + 0(A;). Meanwhile, Theorem 1.2 above establishes such a bound 
with A = (I - y/2)P + 0{k). Note that 



I - V2 = 0.085786 . . . < 0.125 = |. 

.2 



More generally, in the situation with s = ak , in which a is a parameter with 
^ ^ a ^ 1, we find from [TU Theorem 1.4] that 

where A(a) = |(1 — q;)^/c^ + 0(A;). Theorem ll.2t on the other hand, shows that 
such a bound holds with A{a) = (1 — y/aYk"^ + 0{k). Note on this occasion 



that when | ^ a < 1 one has 



;i-v^)2<i(l-af. 



2^ 

as is easily verified by a modest computation. 

Theorems 11.11 and 11.21 are special cases of a more general estimate, and it is 
the proof of this which is our focus in §§2 to 7. 

Theorem 1.3. Suppose that k, r and t are positive integers with 

k^2, max{2, |(A;-1)} ^ t ^ A;, 1 ^ r ^ A; and r + t^k. (1.6) 

Define k = K{r, t, k) by 

( 2r — 2 \ 
fi; = r(t+l)-|(t + r-A;)(t + r-A;-l + J . (1.7) 

Then for each e > 0, one has 

J,(t+i),,(X)«X2'-(*+i)-'^+^ 



Theorem 11.11 follows directly from Theorem II. 31 on taking r and t to be suit- 
able integers satisfying r+t = k. When k is even we put r = t = k/2, and when 
k is odd we instead put r = |(A; + 1) and t = |(/c — 1). In each case it follows 
that s = r{t + 1) is the largest integer not exceeding j{k + 1)^, and we have 
Js,fc(X) <^ X'^"'"^. For smaller values of s, the same conclusion is a consequence 
of the convexity of exponents that follows from Holder's inequalitjo. 



Holder's inequality was evidently first proved, in a form different from that usually found 
in textbooks, by L. J. Rogers, An extension of a certain theorem in inequalities, Messenger 
of Math., New Series XVII (10) (February 1888), 145-150. 
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Theorem 11.21 follows in the first case from Theorem 11.31 on putting r = t = 
k — m, since then we obtain 

K{r,t, k) = {k — m){k — m + 1) — ^{k — 2m){k — 2m + 1) 
= \k{k + l)-m^. 

Meanwhile, in the second case we put r = k — m — 1 and t = k — m, vn this 
instance obtaining 

n{r. t.k) = [k - m ~ l){k - m + I) - \{k - 2m - I) \ k - 2m ~ ) 

^ \ k — m — lj 



^k{k + 1) — m^ — m — 



m, 



2 



k — m, — 1 



In broad strokes, Theorem 11.31 is obtained by fully incorporating the ideas 
of Arkhipov and Karatsuba [1] and Tyrina |5] into the efficient congruencing 
method which was first created in [T^ and further developed in [13]. The 
parameters r and t control the way in which solutions of certain systems of 
congruences are counted (see f l3.ip below). The power of the method is en- 
hanced by the fiexibility to choose the latter parameters, constrained only by 
(11. 6p . In particular, the work in [12] corresponds to the case r = t = k, while 
|14] covers the cases t = k and r + t = k + 1. We describe in more detail the 
role played by r and t in §3. The reader will find the fundamental estimate 
which lies at the core of our argument in Lemma 13.31 below. 

There are consequences of the new estimates supplied by Theorem 11.21 in 
particular so far as the asymptotic formula in Waring's problem is concerned. 
By applying the mean value estimates published in work [2] of the first author 
in combination with mean value estimates restricted to minor arcs established 
in work [13] of the second author, one may convert improved estimates in 
Vinogradov's mean value theorem into useful estimates for mean values of ex- 
ponential sums over kth powers. These in turn lead to improvements in bounds 
for the number of variables required to establish the anticipated asymptotic 
formula in Waring's problem. In the present paper we enhance these tools by 
engineering a hybrid of these approaches, increasing further the improvements 
stemming from Theorem 11.21 We discuss this new hybrid approach in §8, ex- 
ploring in §9 consequences for the asymptotic formula in Waring's problem. 
The details are somewhat complicated, and so we refer the reader to the latter 
section for a summary of the bounds now available. 

2. Preliminaries 

We initiate the proof of Theorem 11.31 by setting up the apparatus necessary 
for the application of the efficient congruencing method. Here, we take the 
opportunity to introduce a number of simplifications over the treatments of 
[12] and [H] that have become apparent as the method has become more 
familiar. Since we consider the integer k to be fixed, we abbreviate Js,k{X) to 
Js(X) without further comment. Our attention is focused on bounding Js(X) 
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where, for the moment, we think of s as being an arbitrary natural number. 
We define the real number A* by means of the relation 

logJ,(X) 
A, = limsup— -^. 

X^oo log X 

It follows that, for each e > 0, and any real number X sufficiently large in 
terms of s, k and e, one has Js{X) ^ X'^»+^. In the language of [12] and |14] . 
the real number A* is the infimum of the set of exponents A^ permissible for 
s and k. In view of the lower bound (11.21) . together with a trivial bound for 
Js{X), we have 

max{s,2s-iA;(A; + l)} < A* ^2s, (2.1) 

while the conjectured upper bound (II. 3p implies that the first inequality in 
(12. ip should hold with equality. 

Next, we record some conventions that ease our expositary burden in what 
follows. Whenever e appears in a statement, either implicitly or explicitly, 
we assert that the statement holds for each e > 0. Note that the "value" 
of e may consequently change from statement to statement. The letters k, r 
and t denote fixed positive integers satisfying (II. 6p . and s = rt. We make 
sweeping use of vector notation. In particular, we may write z = w (mod p) 
to denote that Zi = Wi (mod p) {1 ^ i ^ r), z = ^ (mod p) to denote that 
Zi = ^ (mod p) (1 ^ z ^ r), or [z (mod q)] to denote the r-tuple (Ci, . . . , Cr), 
where for 1 ^ i ^ r one has 1 ^ Q ^ Q ^'^^ ^i — (mod q). Also, we employ 
the convention that whenever G : [0, l)'^ — > C is integrable, then 



G{a)da= / G'(a) da. 

For brevity, we write A = A*_|_^. Our goal is to show that A ^ 2(s + r) — k, 
in which k is the carefully chosen target exponent given in (ll.7p . Let A^ be an 
arbitrary natural number, sufficiently large in terms of s, fc, t and r, and put 

e = i(9t)-^ and 5 = {lOOONt^y^e. (2.2) 

In view of the definition of A, there exists a sequence of natural numbers 
(Xi)'^^, tending to infinity, with the property that 

Js+riXe) > X^-' (ieN). (2.3) 

Also, provided that Xi is sufficiently large, one has the corresponding upper 
bound 

Js+riY) < Y^+^ for Y ^ X'/^ (2.4) 

In the argument that follows, we take a fixed element X = X^ of the sequence 
(Xi)'^^, which we may assume to be sufficiently large in terms of s, k, r, t and 
N. We then put M = X^. Throughout, constants implied in the notation of 
Landau and Vinogradov may depend on s, k, r, t, N, 9, 6, and also on e in 
view of our earlier convention, but not on any other variable. 

Let p be a fixed prime number with M < p ^ 2M to be chosen in due course. 
That such a prime exists is a consequence of the Prime Number Theorem. 
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When c and ^ are non-negative integers, and a G [0, 1)^, define 

fc(Q;;0= ^ e{aix + a2x'^ + . . . + akx''), (2.5) 

x=^ (mod p'^) 

where e{z) denotes e^'^*^. As in [13], we must consider well-conditioned r-tuples 
of integers belonging to distinct congruence classes modulo a suitable power 
of p. The following notations are similar to, though slightly simpler than, the 
corresponding notations introduced in ^^ and [1A\. Denote by Sj;(^) the set 
of r-tuples (^1, . . . , ^r), with 

1 ^ ^i ^ p""^^ and ^, = ^ (mod /) (1 ^ i ^ r), 

and such that ^i, . . . ,C,r are distinct modulo p'^'^^. We then define 

r 

Uf^;0= Yl n^^+i(«;^^)' (2.6) 

where the exponential sums fc+iict; C,i) are defined via (12. 5p . 

Two mixed mean values play leading roles within our arguments. When a 
and b are positive integers, we define 

4,,(X; e, r/) = y" \da{a; 0'ffe(«; V?'\ da (2.7) 

and 

Ka,b{X; e, r/) = / \da{a; O^U^^; v)^'\ da. (2.8) 

For future reference, we note that as a consequence of orthogonality, the mean 
value Ia,b{X; ^, t]) counts the number of integral solutions of the system 

r s 

YM-y^ = YM-'"^ (i^j^^), (2.9) 

with 

1 ^ X, y, V, w ^ X, V = w = r] (mod p ), 

[x (mod p'^+i)] e S^(0 and [y (mod p'^^^)] G 2^(0- 

Similarly, the mean value Kafi{X\ ^, 77) counts the number of integral solutions 
of the system 

jyi-yD = Y^ivL-<:) ii^j^k), (2.10) 

i=l 1=1 m=l 

with 

1 ^ X, y ^ X, [x (mod p'^+^)] G S^(0, [y (mod p'^+^)] G S^(0, 
and for 1 ^ / ^ t, 

1 ^ V;, w; ^ X, [v, (mod /+!)] G H^(r7), [w, (mod p^+i)] G E^(r/). 



VINOGRADOV'S MEAN VALUE THEOREM 7 

It is convenient to put 

Ia,biX) = max max Ia,biX;^,ri) (2.11) 

ri^e. (mod p) 

and 

Ka,b{X)=max max Ka,b{X;^,r]). (2.12) 

r;^^ (mod p) 

Of course, these mean values implicitly depend on our choice of p, and this will 
depend on s, k, r, t, 9 and X^ alone. Since we fix p in the pre-congruencing 
step described in §6, following the proof of Lemma 16.11 the particular choice 
will be rendered irrelevant. 

The pre-congruencing step requires a definition of Ko^b{X) consistent with 
the conditioning idea, and this we now describe. When ^ is an integer and ^ 
is a tuple of integers, we denote by S((^) the set of r-tuples (^i, ■ ■ ■ ,^r) ^ So(0) 
such that ^i ^ (j (mod p) for all i and j. Recalling fl2.5p . we put 

r 

$eH(c) i=i 
Finally, we define 

UX; r/) = y" |^(a; r])%icx; r^f^\ da, (2.14) 

K,{X; 7])= I |^(a; r]fdc{a; v?^\ da, (2.15) 

Ko^ciX)= max i?,(X;r/). (2.16) 

As in [12] and [H], our arguments are simplified by making transparent the 
relationship between mean values and their anticipated magnitudes. In this 
context, we define [[Js+r(X)]] by means of the relation 

Js+r{X) = X''+'^~'^[[J,+r{X)]]. (2.17) 

Also, we define [[/^^^(X)]] and [[_K'a_fe(X)]] by means of the relations 

4,,(X) = (X/M^)2^(X/M")2^-''[[4,,(X)]] (2.18) 

and 

K^^biX) = {X/MT{X/M^y^-^[[K,^,{X)]]. (2.19) 

The lower bound (12. 3p . in particular, may now be written as 

[[Js+r{X)]] > X^-^ (2.20) 

where we have written 

A = A-2(s + r) + K. (2.21) 

We finish this section by recalling a simple estimate from p^ that encapsu- 
lates the translation-dilation invariance of the Diophantine system (11.11) . 
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Lemma 2.1. Suppose that c is a non-negative integer with c6 ^ 1. Then for 
each natural number u, one has 



max (^ ma;Or"da<„ J„(X/M^). 
i^i^p" J 

Proof. This is p!2l Lemma 3.1]. D 



We record an immediate consequence of Lemma 12.11 useful in what follows. 

Corollary 2.2. Suppose that c and d are non-negative integers with c ^ 9^^ 
and d ^ 9^^ . Then whenever m, f G N and ^, (^ G Z, one has 



Proof. This follows at once from Lemma 12.11 via Holder's inequality. D 

3. Auxiliary systems of congruences 

Following the pattern established in [12j, in which efficient congruencing 
was introduced, and further developed in [T3|, we begin the main thrust of our 
analysis with a discussion of the congruences that play a critical role in our 
method. 

Recall the conditions (11.61) on fc, r and t. When a and h are integers with 
1 ^ a < 6, we denote by i3^^(m;^,r7) the set of solutions of the system of 
congruences 

r 

^{Zi - riY = rrij (mod pp"") (1 ^ J ^ A;), (3.1) 

i=\ 

with 1 ^ z ^ p^^ and z = £ (mod p'^+^) for some £ G S^(^). We define an 
equivalence relation 7?.(A) on integral r-tuples by declaring the r-tuples x and 
y to be 7^(A)-equivalent when x = y (mod p^\ We then write C^'^(m; ^, r]) for 

the set of 7?.(t6)-equivalence classes of i3^f,(m; ^,77), and we define i?^'^(p) by 
putting 

^abiP) ~ ^^^^ max max card(C\(m; ^,77)). (3.2) 

rj^^ (mod p) 

When a = we modify these definitions, so that i3Q^(m; ,^,r7) denotes the 
set of solutions of the system of congruences (13.11) with 1 ^ z ^ p^^ and 
z = ^ (mod p) for some $, G 5q(^), and for which in addition one has Zi ^ 
rj (mod p) for 1 ^ 2 ^ r. As in the previous case, we write CQ'^(m;^,?7) for 

the set of 7^(t6)-equivalence classes of BQf^{m]^,ri), but we define Bq\{p) by 
putting 

B^\{p)= max max card(CQ'. (m; 0,?])). (3.3) 

We note that although the choice of ^ in this situation with a = is irrelevant, 
it is notationally convenient to preserve the similarity with the situation in 
which a > 1. 
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Our argument exploits the non-singularity of the solution set underlying 
^abip) ^y nieans of a version of Hensel's lemma made available within the 
following lemma. 

Lemma 3.1. Let fi,...,fd be polynomials in Z[xi, . . . ,Xd] with respective de- 
grees ki, . . . ,kd, and write 

J(f;x) = det(§^(x)) 

When w is a prime number, and I is a natural number, let A/'(f ; to'') denote 
the number of solutions of the simultaneous congruences 

fj{xi, ...,Xd) = (mod zu') (1 ^ J ^ d), 

with 1 ^ Xi ^ w' {1 ^ i ^ d) and ( J(f ; x), ro) = 1. Then A/'(f ; to'') ^ ki- ■ ■ k^. 

Proof. This is [10, Theorem 1]. D 

We recall also a second auxiliary lemma from P^, this one facilitating the 
discussion of an argument in which terms are eliminated between related poly- 
nomial expansions. In this context, we adopt the convention that when / and 
m are natural numbers with / > m, then the binomial coefficient (*]*) is zero. 

Lemma 3.2. Let a and /3 be natural numbers. Then there exist integers ci 
{a ^ I ^ a + f3) and dm {(3 ^ m ^ a + (3) , depending at most on a and [3, and 
with di3 ^ 0, for which one has the polynomial identity 

Cq, -|- y ^ Cq,_|_;(x + 1) = / ^ dmX . 

1=1 m,=p 

Proof. This is [Uj Lemma 3.2]. D 

Our approach to bounding B^'j^^p) proceeds by discarding the k — r con- 
gruences of smallest modulus p^'' (1 ^ j ^ k — r), but nonetheless aims to 
lift all solutions to the modulus p***. The idea of reducing the lifting required, 
which is tantamount to taking t < k, was first exploited by Arkhipov and 
Karatsuba [1] in the setting of Linnik's classical p-adic approach [1]. Likewise, 
taking r < k removes from consideration those congruences that require the 
greatest lifting and produce the biggest inefficiency in the method. Tyrina [5] 
took r = t ^ k/2 and further improved bounds on Js^k{X) for s = 0{k'^). 
Later, the second author used a hybrid approach (see [9l Lemma 2.1]), with 
r and t as free parameters, to obtain large improvements to the bounds for 
s = 0(^3/2--). 

We also follow a very general approach here, keeping r and t as free param- 
eters, subject only to the necessary constraints given in 01.61) . For Theorem 
II. 1^ the crucial observation is that when r + t = k, then there is no lifting at all 
and we capture only diagonal solutions in the symmetric version of (13.11) . This 
observation is reflected in the fact that the coefficients /i and u imminently to 
be defined satisfy the condition /x = i/ = in this situation. 
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The following lemma generalises Lemmata 3.3 to 3.6 of [H]. For future 
reference, at this point we introduce the coefficients 

H= l(^t + r-k){t + r-k-l) and u = l{t + r - k){k + r - t - I). {3A) 

Lemma 3.3. Suppose that k, r andt satisfy the conditions (\1.6\i . and further 
that a and b are integers with ^ a < b and b^ {k — t — l)a. Then 

BZbiP) ^ klp^'^'"''- 

Proof. We suppose in the first instance that a ^ 1. Fix integers ^ and rj with 

1 ^ 'C ^ P") 1 ^ ?? ^ P and rj ^ ^ (mod p). 

We consider the set of 7?.(t6)-equivalence classes of solutions C^'^(m; ,^, r/) of 
the system (13.11) . in our first step upgrading a subset of the congruences to the 
same level. Put 

p = k — r + 1 and u = max{0, k — t — 1}. 

We denote by 'Pi(n) the set of 7^(t6)-equivalence classes of solutions of the 
system of congruences 

r 

Y^{z, - vY = n, (mod p''+^'^) ip^J^k), (3.5) 

with 1 ^ z ^ ptb+uja ^^^ z = ^ (mod p"+i) for some $, G 5J^(,^). Recall our 
assumed bound b ^ ua. Then given a fixed integral r-tuple m, we consider 
r-tuples n with 1 ^ n ^ ptb+ua ^^^ which 

Uj = rrij (mod p'^^^') (p ^ j ^ k), 

where a{j) = min{j6, tb + ua}, and we infer from (13. ip that 

cZi^;^,v)= U ••• U ^i(")- 

np=mp (mod p'^(P') ni^=m^. (mod p°'W) 

The number of r-tuples n in the union is equal to 

t 

^{t~j)b+uja _ ( b\^(t-p)(t-p+l) ( a\(t-p+l)ui _ nb+{t-p+l)uja 



TTp(*-j)fe+^a = fpb\l{t-p)(t-p+'i-)fpa\{t-p+l)'-^ ^ pfJ 



3=P 



Consequently, 

card(C"'*(m;e,r/)) ^p^''+(*-''+^)^'' max card(I?i(n)). (3.6) 

We next rewrite each variable Zi in the shape Zi = p°'yi + S,- In view of the 
hypothesis that z = ^ (mod p"+^) for some $, G SJ^(^), the r-tuple y necessarily 
satisfies 

?/i ^ ?/m (mod p) (1 ^ z < m ^ r). (3.7) 

Write C = ^ ~ Vi and note that the constraint f] ^ C, (mod p) ensures that 
p \ C- We denote the multiplicative inverse of ( modulo p^^+'^°- by (~^. In this 
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way we deduce from (13.51) that card(2^i(n)) is bounded above by the number 
of 7l{tb — a) -equivalence classes of solutions of the system of congruences 

r 

Y^iP^ViC + 1)^' = n,{Cy (mod p^'^n {P<J^ k), (3.8) 

with 1 ^ y ^ ptb+{ui-i)a satisfying (13. 7p . Let y = w be any solution of the 
system (13. 8p . if indeed any one such exists. Then we find that all other solutions 
y satisfy the system 

r 

Yl {iP^'y^C + ly - {p^'w^C + ly) = (mod p''+n {P^J^ k). (3.9) 

Next we make use of Lemma [3. 21 just as in the corresponding argument of 
the proof of [TU Lemmata 3.3 to 3.6]. Consider an index j with p ^ j ^ k, 
and apply the latter lemma with a = p — 1 and f3 = j — p + 1. We find that 
there exist integers c^y (p— 1 ^ ^ ^ j) and dj^m (j — P + 1 ^ "^ ^ j), depending 
at most on j and k, and with djj^p^i ^ 0, for which one has the polynomial 
identity 

i j 

l=p m=j—p+l 

Since we may assume p to be large, moreover, we may suppose that p \ djj_p^i. 
Thus, by multiplying the equation (l3.1Up through by the multiplicative in- 
verse of djj-p^i modulo p*^+'^"^ we see that there is no loss in supposing that 
djj-p+i = 1 (mod p*^+'^°-y Taking suitable linear combinations of the congru- 
ences comprising (13. 9p . therefore, we deduce that any solution of this system 
satisfies 

r 

iCVy-'^' $^(^,(y^) - ^iK)) = (mod p^'-'n {p^J^ k), 

i=\ 

in which 



^ — l^a^m— j+p— 1 ^m 



m=j — p+2 

We note for future reference that when a ^ 1, one has 

%l)j{z) = z^'P+^ imodp). (3.11) 

Denote by '^'2(11) the set of TZ{th — a)-equivalence classes of solutions of the 
system of congruences 

r 

Y ^3 iVi) ^ «i (mod p*''+— 0-P+i)°) (p ^ J ^ fc) , 

with 1 ^ y ^ ptb+{u}-i)a satisfying (13. 7p . Then we have shown thus far that 

card(r'i(n)) ^ max card('E'2(u)). (3.12) 



12 KEVIN FORD AND TREVOR D. WOOLEY 

Let Vsi^v) denote the set of solutions of the system 

r 

Y,^,{y^) ^ V, (mod p''-^) ip^j^k), (3.13) 

i=l 

with 1 ^ y ^ ptb-a satisfying (13. 7p . For p ^ j ^ k, let 

t{j) = min{t6 — a,tb + coa — {j — p + l)a}. 
From (II. 6p we see that T{k) = tb + ua — ra ^ tb — a, and we obtain 

aiTd(V2iu)) <: J2 ••• Yl card(2)3(v)) 

Vp=Up {mod p'^'-P^) life =«fc (mod p^C')) 

^ (pa)i(r-a;)(r-a;-l) ^^^ C8iTd{Vs{v)). (3.14) 

Isgvsgp*''-" 

By combining (13.61) . (I3.12p and (I3.14p . we discern at this point that 
card(C^'*(m;e,r/)) ^ (pfe)M(pa)(t-p+iV+i(r-^){r-^-i) ^^^ card(r'3(v)) 

= pi^b+ua ^^^ card(2)3(v)). (3.15) 

It remains now only to bound the number of solutions of the system of con- 
gruences (13.131) lying in the set P3(v). Define the determinant 

J(V';x) = det {^'p^i_^{xi)) ^^.^^^ . 

In view of (13.111) . one has "ipp+i-iiVi) = ^vl^^ (modp). It follows from (13. 7p 
that 

det(?/-"^)i<;i,is:r = n '^^^ ~ ^"^) ^ ^ ^^^^ ^)' 

SO that, since p > k, we have (J(i/j;y),p) = 1. We therefore deduce from 
Lemma 13.11 that 

card(r'3(v)) ^ p{p + 1) ■ ■ ■ k ^ kl, 

and thus the conclusion of the lemma when a ^ 1 follows at once from (13. 2p 
and flXTC]) . 

The proof presented above requires only small modifications when a = 0. 
In this case, we denote by T'i(n; 7]) the set of solutions of the system of con- 
gruences (13. 5p with 1 ^ z ^ p*^ and z = ^ (mod p) for some $, G Sq(0), and 
for which in addition Zi ^ rj (mod p) for 1 ^ i ^ r. Then as in the opening 
paragraph of our proof, it follows from (13. ip that 

card(Cn'*(m;0,r7)) ^j9^^ max card(r'i(n; r^)). (3.16) 

But Vi{n]ri) = Pi(n;0), and r'i(n;0) counts the solutions of the system of 
congruences 



^yl = Uj (mod p*^) (p^j^k), 



i=l 
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with 1 ^ y ^ p*^ satisfying (13 .Zp . and in addition p\ yi (1 ^ i ^ r). Write 

J(y) = det((p + j-l)yr^-^)^^^_^.^^. 
Then, since p > k, we have 



We therefore conclude from Lemma [3.11 that 

1)1(11; 0) ^p(p + l)---A; ^ fc!. 



In view of (I3.3p . the conclusion of the lemma therefore follows from (1X1 



when a = 0. D 



4. The conditioning process 

We follow the previous treatments of [12j and [14j in seeking next to bound 
the mean value Iafi{X; ^, 77) in terms of analogous mean values Ka^b+hi^] ^, C); 
in which variables are arranged in "non-singular" blocks. We deviate from 
these earlier treatments, however, by sacrificing some of the strength of these 
prior results in order to simplify the proofs. In particular, we are able in 
this way to avoid introducing coefficient r-tuples from {1,-1}'" within the 
conditioned blocks of variables. 

Lemma 4.1. Let a and b be integers with b > a ^ 1. Then one has 

Proof. Fix integers ^ and rj with rj ^ ^ (mod p). Let Ti denote the number 
of solutions X, y, v, w of the system (12.91) counted by /^^^(X;^,?]) in which 
Vi, . . . ,Vs together occupy at least r distinct residue classes modulo p^+^, and 
let T2 denote the corresponding number of solutions in which vi, . . . ,Vs together 
occupy at most r — 1 distinct residue classes modulo p''~^^. Then 

Ia,b{X;^,r]) = T, + T,. (4.1) 

We first estimate Ti. Recall the definitions ([2SD, dSD and ([2SD. Then by 
orthogonality and Holder's inequality, one finds that 

Ti ^ Q y"|^„(a;Ol'5^6(a;r/)Ma;r7)^-'-f,(-a;r7)Ma 

« (ir,,,(X; e, r^)f^''^ (4,,(X; ^, r^)f-"^^'^ . (4.2) 

Next, we estimate T2. In view of the assumptions (II. 6p . one has s = rt ^ 2r > 
2(r — 1). Consequently, there is an integer ( = rj (mod p'') having the property 
that at least three of the variables vi, . . . ,Vs are congruent to ( modulo p^~^^. 
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Hence, again recalling the definitions (12. 7p and (12. 8p . one finds by orthogonality 
in combination with Holder's inequality that 



2 ^ , 






C=r) (mod p*) 



« M(4,,(X;e,r7))^-'/('^) (4,5+i(X))^/(^^) . (4.3) 

By substituting (g^]) and (gJD into (gl]), and recalling fl2TT]) and fl2J^ . 
we therefore conclude that 

Ia,b{X) « (ir„,,(X))l/(2*)(4,,(X))l-V(2*) 

whence 

This completes the proof of the lemma. D 



Repeated application of Lemma 14. ![ together with a trivial bound for the 
mean value Ka^b+H{X) when H is large enough, yields a relation suitable for 
iterating the efficient congruencing process. 

Lemma 4.2. Let a and b be integers with 1 ^ a < b, and put H = 8(6 — a). 
Suppose that b + H ^ (26)^^ . Then there exists an integer h with ^ h < H 
having the property that 



Ia,b{X) « {M''Y'/'Ka,bMX) + (M^)-^/5(X/M^)2^(X/M") 



\-2s 



Proof. By repeated application of Lemma 14.11 we derive the upper bound 

H-l 

h,t{X) « J2iM'r/'K,,b+h{X) + (M^)2^/34,,+^(X). (4.4) 



h=0 



On considering the underlying Diophantine systems, it follows from Corollary 
Othat 

<(J,+,(X/M"))'-/(^+'-)(J,+,(X/M^+^))^/(^+^). 

Since M^+^ = {Xy+" ^ X^/^, we deduce from ([22D that 

(M^)2^/34,fc+H(X) < X^ ((X/M")"/(^+")(X/M^+^)"/(^+"))^ (M^)'''/^ 
= X\X/M^f'{X/M^)^-^'M^, 

where 

^ . f o-f bs \ ^ ,, , ^^ /2 A 

n = X[a + 2s{b -a) + Hs 



s + r s + r J \3 s + r 
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We recall from (12. ip that A ^ s + r. Then the lower bound b ^ a leads to the 
estimate 

n ^ -s(b - a) + 2s(b - a) - \Hs ^ s(b -a)- h,Hs. 

s + r •^ •^ 

But H = 8{b — a), and so from (12. 2 p we discern that 

n ^ -^Hs ^ -60-^ - \Hs. 
We therefore arrive at the estimate 

and the conclusion of the lemma follows on substituting this bound into (14.41) . 

D 



5. The efficient congruencing step 

We next seek to convert latent congruence information within the mean 
value Ka,b{,X) into a form useful in subsequent iterations, this being achieved 
by using the work of §3. We recall now the definitions of the coefficients /i and 
v from (13. 4p . The following generalises Lemmata 5.1, 5.2, 6.2 and 6.3 of [H]. 

Lemma 5.1. Suppose that a and b are integers with ^ a < b ^ 9^^ and 

b '^ {k — t — l)a. Then one has 

Proof. Suppose first that a ^ 1. Consider fixed integers ^ and rj with 

1 ^ ^ ^ p"', I ^ r] ^ p^ and i] ^ ^ (mod p). 

The quantity Ka^b{X] C,, rj) counts integral solutions of the system (I2.10p subject 
to the attendant conditions on x, y, v, w. As in the argument of the proof 
of [121 Lemma 6.1], an application of the Binomial Theorem shows that these 
solutions satisfy the system of congruences 

r r 

J^i^i - VY = J2^yi - VY (mod p^') (1 ^ J ^ A;). (5.1) 

In the notation of §3, it follows that for some /c-tuple of integers m, we have 
[x (mod J9*'')] G C^'l{m;^,ri) and [y (mod p*'^)] G Cl'l{m; ^ , rj) . Writing 

r 

we see from (I2.10p and (15.11) that 

pb pkb 



Ka,b{X;^,r])= Y.---Y. j I®a,b(a;e,^;m)2^5(a;r7)2*|d( 

mi = l mi. = l 
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An application of Cauchy's inequality leads via Lemma [3.31 to the bound 

r 

|6„,,(a; e, m m) r ^ card(C:f,(m; e, v)) Y. U lf*''(«; ^^) I' 

CeC;,(m;C,,7) i=l 
r 

Hence 

/r 
C=? (mod p") 

An application of Holder's inequality reveals that 

r 
<^=£, (mod p") (^=5 (mod p") 



f=5 (mod p") 



2r 



and so it follows that 
ir,,fc(X;e,r7)«M'^^+-(M*^-'^r max (f Ma;Cf'db{ct;vY'\dct. (5.2) 

C=g (mod p") 

Next we apply Holder's inequality to the integral on the right hand side of 
([52D to obtain 

y" Mcx- CrUc^; vf'\ da ^ U'-'/' ( V(X; r/, 0)'^* , 

where, on considering the underlying Diophantine system and using Lemma 
I2.lt o^^6 has 

U= (/"|^,(a;r/)|2*+Ma^ (/" |f,(a; r/)|2^+2^ d« « J,+,(X/M''). 



Notice that since r] ^ C, (mod p) and C — ^ (mod p") with a ^ 1, one has 
C ^ V (mod p). Then we have Ih,tb{,X; r], () ^ Ib,tb{X), and so when a ^ 1 the 
conclusion of the lemma follows from (15. 2 p . 

When a = 0, we must modify the argument slightly. In this case, from (I2.15P 
and (I2.16P we find that 



Ko,biX)= max (f) |^(a; r7)^^b(a; r/)^*| d«- 
Kv^p'' J 

The desired conclusion then follows by pursuing the proof given above in the 
case a ^ 1, noting that the definition of ^{oc; t]) ensures that the variables 
resulting from the congruencing argument will avoid the congruence class rj 
modulo p. This completes the proof of the lemma. D 
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By applying Lemmata 14.21 and 15.11 in tandem, we obtain a sequence of in- 
equalities for the quantities i^c,d(-^)- Recall the definition of A from fl2.2ip . 

Lemma 5.2. Suppose that a and b are integers with ^ a < b ^ {18t6)^^ and 
b ^ ta. In addition, put H = 8(t — 1)6 and g = b — ta. Then there exists an 
integer h, with ^ h < H , having the property that 

Proof. Recall the notational conventions f l2.18p and fl2.19p . The hypotheses 
b ^ ta and (11. 6p imply that 6 ^ {k — t — l)a. Then it follows from Lemma [5. II 
in combination with f l2.4p that 

[[Ka,t{X)]] « X'M-[[h,tbiX)f/\X/MY'^'-'/'\ (5.3) 

in which we have written 

CO = ^b + i^a + r{tb - a) + (2r - K){a-b) - 2s{t - l)b/t. 

On recalling that s = rt and noting the definition (ll.7p of k, one finds that 

CO = K{b- a)-{rt - \{t + r - k){t + r - k - l))b 

+ {r + \{t + r-k){k + r-t- l))a, 

whence 

u= [r - ^ '-^ '- 1 {b - ta) ^ rg. 

The hypothesized upper bound on b implies that tb + H ^ 9tb ^ (26)^^. 
We may therefore apply Lemma 14.21 to show that for some integer h with 
^ h < H, one has 

[[h,tb{X)]] « {M^r''/'[[K,,,^h{X)]] + {M'')-'/\X/mY. 

We therefore deduce from (15. 3p that 

[[ir,,,(X)]]«X^(X/M^)^(i-i/*)M''^-4^^/3[[ir,,,,+,(X)]]V* 

+ X^M'3-''"/^X/MY- (5.4) 

But in view of the hypotheses (II. 6p . one has t ^ 2 and hence 

H = 8{t- l)b^8b^ 8g. 
Then on recalling (12. 2p . we find that 

The conclusion of the lemma therefore follows from (15. 4p . D 

The following crude upper bound for Ka^iX) is a useful addition to our 
arsenal when b is very large. 

Lemma 5.3. Suppose that a and b are integers with ^ a < 6 ^ {26)^^. 
Then provided that A ^ 0, one has 

[[Ka,b{x)]\ « x^+'iM'-y. 
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Proof. On considering the underlying Diophantine equations, we deduce from 
Corollary 12.21 that 

Ka,biX) « (J,+,(X/M'^))'-/(^+^'-)(J,+,(X/M^))^/(^+^), 

so that ([22D, (l2Tri) . (EUD and (jMl]) yield the relation 

In view of (11.71) . one has k, ^ s + r, and thus the proof of the lemma is 
complete. D 

6. The pre-congruencing step 

In order to ensure that the variables in the auxiliary mean values that we 
consider are appropriately configured, we must expend some additional effort 
initiating the iteration in a pre-congruencing step. It is at this point that we fix 
the prime p once and for all. Although we follow the argument of p^ Lemma 
6.1] in broad strokes, we are able to obtain some simplification by weakening 
our conclusions inconsequentially. 

Lemma 6.1. There exists a prime number p with M < p ^ 2M, and an 

integer h with h G {0, 1, 2, 3}, for which one has 

Proof. The mean value Js+r{X) counts the number of integral solutions of the 
system 

s+r 

J2ixi-yi) = (l^j^k), (6.1) 

with 1 ^ X, y ^ X. Let Ti denote the number of these solutions with either 
two of Xi, . . . , Xs+r equal or two oi yi, . . . , ys+r equal, and let T2 denote the 
corresponding number of solutions with Xi, . . . , Xg+r distinct and yi, . . . , ys+r 
distinct. Then we have Js+r{X) = Ti +T2. 

Suppose first that Ti ^ T2. Then by considering the underlying Diophantine 
systems, it follows from Holder's inequality that 

2s + 2r\ I |„ , -N2s+2r-2c 



Js+riX) ^ 2Ti ^ ( 2 ) f |fo(a;0)'^+'^-1o(2a;0)| da 

N l-l/{s+r) ^ ^ ^ l/(2s+2r) 

« ( (b |fo(a;0)p^+2^'da (h |fo(2a; 0)p^+2'da 



= {Js+r{x)Y-'/^''^'^K 

Consequently, one has Js+riX) ^ 1, which contradicts the lower bound (12. 3p 
if X = X^ is large enough. We may therefore suppose that Ti < T2, and hence 
that Js+r{X) ^ 2T2. 
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Given a solution x, y of (16. ip counted by T2, let 

D (x, y ) = W {xi - Xj ) (vi -Vj). 

Also, let V denote a set of \{s + r)^^~^] prime numbers in (M, 2M]. That 
such a set of primes exists for large enough X is a consequence of the Prime 
Number Theorem. From the definition of T2, we have -D(x, y) 7^ and 

|D(x,y)| <X("+")' <: M^^'^'^'^^l 

We therefore find that for some p E V one must have p | D(x, y). Denote by 
T2{p) the number of solutions of (16. ip counted by Js+r{X) in which xi, . . . , Xs+r 
are distinct modulo p and likewise yi, . . . , Hs+r are distinct modulo p. Then we 
have shown thus far that 

J,+,(X)^2T2^2 5^T2(p), 

whence for some prime number p eV, one has 

Js+r{X) <2\{s + rfe-']T2{p). (6.2) 

We next introduce some notation with which to consider more explicitly the 
residue classes modulo p of a given solution x, y counted by T2{p). Let 77 and 
(^ be s-tuples with 1 ^ r],(^ ^ p satisfying the condition that for 1 ^ i ^ s, one 
has Xi = rji (mod p) and yi = Q (mod p). Recall the notation introduced prior 
to the definition (12.131) . Then since xi, . . . , Xg+r are distinct modulo p, it follows 
that {xs+i, ... ,Xs+r) G S(^); and likewise one finds that {ys+i, . . . ,ys+r) G 
S(^). Then on considering the underlying Diophantine systems, we obtain the 
relation 

T2{p)^ J2 f{llfi{c^;Vi)fii-c^;Q))d{c,;'n)d{-c^;C)dcx. 

Write 

3{0,ilj) = f\d{cx;0YU{cx;4jY'\ da. 

Then by applying Holder's inequality, and again considering the underlying 
Diophantine systems, we discern that 






l/(2s) 



Hence, on recalling the definition (12.140 . we obtain the upper bound 
T2{p) ^ p^'' max (h \^{cx;r]Yfi{a.;r])'^''\ dcx 

= p2' max7i(X;r/). (6.3) 
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The mean value Ic{X; rj) counts the number of integral solutions of the 
system (12.91) with 

1 ^ X, y, V, w ^ X, V = w = ?7 (mod p'^), 

and with 

[x (mod p)] G 2(77) and [y (mod p)] G ^(r/). 

Let T3 denote the number of such solutions in which the s integers f 1, . . . , f^ 
together occupy at least r distinct residue classes modulo p^^^, and let T4 
denote the corresponding number of solutions in which these integers together 
lie in at most r— 1 distinct residue classes modulo p'^^^. Then Ic{X\ if) = T3+T4. 
By an argument similar to that leading to (14.21) . we obtain the bound 

T3 « f |5(a; r])f 5c(a; v)Ua; vY'lci-a; vY dcx 

^(i^,(X;r/)j [iciX-ri)) . (6.4) 

Also, since s ^ 2r > 2(r — 1), the argument leading to (14. 3 p implies that 

/- \ 1-3/(2.) / „ \3/(2^) 

T4<M Je(X;r/) max /c+i(X;C) • (6.5) 

Then by combining (16. 4p and (16.50 to bound IJ^X\ v), we infer that 

Z{X;7])^K,{X;r]) + M^'/' max 7e+i(X;C). (6.6) 

We now iterate (16.61) to bound Ii{X;ri), thereby deducing from (16.21) and 
(1^ that 

Js+r{X) < T^ip) 

< max M^'(M^'f'/'^Ki+hiX) + M^'+^'/^ max h(X; (). (6.7) 

By considering the underlying Diophantine systems, we deduce from (I2.13P 
and fITTip via Corollary O that 

75(X;C)^y"|fo(«;0)2'-f5(a;C)'lda 

Now (16. 7p implies either that 

Js+riX) « M2^+2.V3^^^^(x) (6.8) 

for some index h G {0, 1, 2, 3}, so that the conclusion of the lemma holds, or 
else that 



Js+riX) « Mi^^/3(J,+,(X))'-/(^+'^)(J,+,(X/M^))^/( 



s+r) 
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In the latter case, since A ^ s + r, we obtain the upper bound 

Invoking the definition (12.21) of 5, we find that Js+r{X) ^ X^~'^^, contradicting 
the lower bound fl2.3p ii X = Xg is large enough. We are therefore forced to 
accept the former upper bound (16. Sp . and hence the proof of the lemma is 
complete. D 

7. The iterative process 

By first applying Lemma 16. ![ and following up with repeated application of 
Lemma [521 we are able to bound Js+r{X) in terms of quantities of the shape 
Kc,d{X), in which c and d pass through an increasing sequence of integral val- 
ues. In this section we explore this iterative process, and ultimately establish 
Theorem 11.31 

Lemma 7.1. Let a and b be integers with ^ a < b ^ {18t6)~^ and b ^ ta, 
and put g = b — ta. Suppose that there are non-negative numbers ip, c and 7, 
with c ^ {4:06)~^9, such that 

X^M^"^ < X'^M-^[[Ka,b{X)]]. (7.1) 

Then, for some integer h with ^ h ^ 8(t — 1)6, one has 

X^M^^' «X^'^M-^'[[ir,,,,+,(X)]], 

where 

^' = txjj + (t - l)b, c' = t(c + l), i = t-i + ^sh- sg. 

Proof. By hypothesis, we have X^^ < M^/^". We therefore deduce from Lemma 
15.21 that there exists an integer h with ^ /i < 8(t — 1)6 with the property 
that 

[[Ka,,{X)]] « X'M^3 [M-'^^'\K,,,+,,{X)]])"\X/M')^^'-'") 

+ M-'-'^^X/M^)^. 

Consequently, from the hypothesised bound (17.11) we infer that 

whence 

^AA^A(^+(i-iA)f,) ^ x^''+^^'M-^+''3-^''^'\K,,t,+^,{X)f'\ 

The conclusion of the lemma follows on raising left and right hand sides in the 
last inequality to the power t. D 

Lemma 7.2. We have A ^ 0. 
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Proof. Assume that A > 0, for otherwise there is nothing to prove. We begin 
by noting that as a consequence of Lemma [GTTl it follows from fl2.17p and fl2.19p 
that there exists an integer /i_i G {0, 1, 2, 3} such that 

We therefore deduce from (12.201) that 

X^ « X'ps^riX)]] « X\M'^~T'^/'[[Ko,i+n.AX)]]- (7-2) 

Next we define sequences (a„), (6„), (/i„), (c„), (7n), ii'n) for ^ n ^ A^ in 
such a way that 

^ /i„-i ^ 8(t - l)6„_i (n^l), (7.3) 

and 

X^M^^" <t: X^"^M-^"[[Ka„,b„{X)]]. (7.4) 

Given a fixed choice for the sequence {hn), these sequences are defined by 
means of the relations 

ttn+i = hn and 6„+i = t6„ + hn, (7.5) 

tpn+l = t^n + (^ - l)&n, (7.6) 

c„+i = t(c„ + 1), (7.7) 

7n+i = t7„ + |s/i„ - shn-i. (7.8) 

We put ao = 0, 6o = 1 + ^-i, V'o = 0, cq = 1 and 70 = |s/i_i, so that (I7.4p 
holds with ra = as a consequence of our initial choice of /i_i together with 
(17. 2p . We prove by induction that for each integer n with ^ n < A^, the 
sequence (/im)m=-i '^^Y be chosen in such a way that 

^ a„ < 6„ ^ {im)-\ ^„ ^ 0, 7„ ^ 0, ^ c„ ^ (40<5)-i^, (7.9) 

and so that (17.31) and (I7.4p both hold with n replaced by n + 1. 

Suppose that ^ n < A^, and suppose also that (17.31) and (17.41) both hold 
for the index n. We have already shown such to be the case when n = 0. 
We observe first that the relation (17.51) plainly demonstrates that 6„ > a„ for 
all n. Moreover, from (17.30 and (17. 5p . we see that 6„+i ^ 9t6„ for all n. By 
induction, therefore, we deduce that 6„ ^ 4(9t)" whence, by invoking (12.21) we 
find that 6„ ^ {imy^ for ^ n < A^. It is also apparent from ([7SD and (ITTp 
that Cn and ipn are non-negative for all n. In addition, by iterating (17. 7p . we 
have 

c„ ^ 2r + e-^ + r-2 + . . . + 1 ^ 3r. (7.10) 

Thus, by reference to (12. 2p we see that c„ ^ (405)^^0 for Q ^n < N . 
In order to bound 7„, we begin by noting from (17.51) that 

hm = Om+1 ~ TOm and /im-l = 0„i — tOm-1- 

Then it follows from (17.80 that for m ^ 1 one has 

7m+i - |s&m+i + s6m = t (7m - |s6m + Sbni-l) . 
By iterating this identity, we deduce that ioi m ^ 1, one has 
7m = ^sbni - sh„,_i + 1™"^ (71 - |s6i + s6o) • 
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On recalling that bo = 1 + /i_i, 70 = |s/i_i and bi = tbo + ho, we discern first 
from ([ZSD that 

71 = |st(6o - 1) + ls{bi - tbo) - s{bo - 1) 

= |s(6i - t) - sbo + s, 

and hence that 

Tm = Isbn, - sbrn-i - t™ (|s - r) (m ^ 1). (7.11) 

Finally, we find from f l7.5p that bm ^ tbm-i ^ i"* for m ^ 1, and hence 

7m^&m(|s-r)-r(|s-r)^0. 

Collecting together this conclusion with those of the previous paragraph, we 
have shown that (17. 9p holds for ^ n < N. 

At this point in the argument, we may suppose that both fl7.4p and (17. 9p 
hold for the index n. An application of Lemma ET] therefore reveals that there 
exists an integer /i„ satisfying the constraint implied by (17. 3p with n replaced 
hy n + 1, for which the upper bound (17.41) holds also with n replaced by n + 1. 
This completes the inductive step, so that in particular the upper bound (17. 4p 
holds for ^ n ^ A^. 

We now exploit the bound just established. Since we have bj\f ^ 4(9t)^ = 
{26)^^, it is a consequence of Lemma [5.31 that 

[[Ka^,,^iX)]] « x^+\M'^-''^--y. (7.12) 

By combining (I7.4p with (17. lip and (I7.12p . we obtain the bound 

^ ^A+{cN+l)S j^{4s/3-r)t'^ -bMs/3 t^ j^g-j 

By applying (17. lOp and (12. 2p . on the other hand, we have 

We therefore deduce from (17.131) that 

A^iv ^ \st^ - \bNS. 
Furthermore, the lower bound 6„ ^ t" implies that 

7/^„+l = tiJn + {t- l)bn ^ t^n + (t - 1)^, 

whence ipN ^ N(t — l)t^~^. Thus we deduce that 

st^ 2s 

^ N{t-l)t^-^ ^ N' 

Since A^ may be taken arbitrarily large in terms of s, we are forced to conclude 
that A ^ 0, and this completes the proof of the lemma. D 

The conclusion of Theorem 11.31 is an immediate consequence of Lemma I7.2[ 
For the latter shows that when s = r{t + 1), one has 

Js{X) <X2^-''+^ 

where k is given by (11.71) . 
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8. A MEAN VALUE ESTIMATE FOR WEYL SUMS 

Our goal in this section is to establish a mean value estimate for one- 
dimensional Weyl sums that, in a sense, forms a hybrid between the treat- 
ments of [2] and [121 §10]. This estimate permits the output from the efficient 
congruencing method to be more effectively transformed into a mean value 
estimate for one-dimensional Weyl sums. 

Consider natural numbers s and m with 1 ^ m ^ k. When q eN and 6 G Z, 
we define the quantity Is,m{X;q,b) to be the number of integral solutions of 
the system of equations 



s 

E 



{(qx, + b)'-{qy, + b)')=0, 

s 



j=i 



U) 



with ^ X, y ^ ^/l- We begin by adapting the work of [12], §10] so as to 
estimate Is^k-i{X]q,b) on average over q. To assist with our discussion, we 
now define ?7(s, k) to be the least positive number rj with the property that, 
whenever X is sufficiently large in terms of s and fc, one has 

It is convenient to write 

f{cx;X)= 2_, ^{oiix + . . . + a^x^) . 

We pause to recall a lemma on reciprocal sums. 

Lemma 8.1. Suppose that 6 is a positive number, and that a and (3 are real 
numbers. Let N and R be large real numbers, and write B = N'^'^^ + R^~^^ . 
Then 

^ mm{N, \\za + f3\\-^} <^B + (log B) ^ mm{NR/u,\\ua\\'^}. 

Proof. This is [TTl Lemma 3.4]. D 

When Q C N, write 

Qs,k{Q) = y~] "^ax Is,k^i{X;q,b). 

q&Q 

Lemma 8.2. Let X denote a large positive number, and let Q be a real number 
with 1 < Q ^ x(''"^)/(''"^). Suppose that Q C {2~''Q,Q] is a set of natural 
numbers with card{Q) ^ QilogQ)^'' satisfying the condition that for each 
q & Q, one has [q, k) = 1. Then for each natural number s, one has 
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Proof. For the moment, consider fixed integers q and b with {kb,q) = 1 and 
2~^Q < q ^ Q. Define Tk{X; h) = Tk{X; h; q, h) to be the number of integral 
solutions of the Diophantine system 



^.2) 



i=l 

E(^'"' - yt') = h, 

s 
i=l 

with ^ X, y ^ X/q. Then on considering the corresponding system (18.11) . we 
see that 

Is,k-i{X;q,b)= Yl ^k{X;h). (8.3) 

Next, by applying an integer shift z to the variables in the system (18.21) . we 
find that Tfc(X; h) counts the number of integral solutions of the Diophantine 
system 



i=l 



^ ((g(x, -z) + hf - (g(y. -z) + hf) = 0, 

s 

Y,{{x. - zf-' - {y. - zf-') = h, 

s 

J]((x, - zy - {y, - zY) = (1 ^ J ^ A; - 2), 



i=l 



i=l 



with z ^ X, y ^ 2; + X/q. By applying the Binomial Theorem, we find that 
X, y satisfies this system of equations if and only if 



E(^^- 



Vi 



i=l 



El-?-' 



.k-l\ 



(1 ^ j ^ A; - 2) 



h, 



j=i 



Qj2(^'^~yi) = H'iz-b)h. 



i=l 



lA) 



Notice that, in view of the hypothesis {kb, q) = 1, the equation of degree k in 
(18. 4p ensures that q\h. We write g = h/q, so that the condition \h\ ^ s(X/g)^^^ 
in ([HSD implies that |^| ^ sq'^ {X / qf'^ . 

If we restrict the shifts z to lie in the interval 1 ^ 2; ^ X/q, then we see that 
an upper bound for Tfc(X; h) is given by the number of integral solutions of 
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the system 
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s 

i=l 
s 

s 



j=i 



i=l 



with 1 ^ X, y ^ 2X/q. On considering the underlying Diophantine system, 
we therefore deduce from fl8.3p that for each integer z with 1^2;^ ^/q, the 
mean value Is,k-i{^] Q, b) is bounded above by 

J2 f \fi^; 2''+'X/Q)\'%{-k{qz - h)gau - qga^-i) da. 



\g\^sq-HX/q) 



Write 



and 



ipg^b{z;ak,ak-i) =mm{q (X/q) ,\\k{qz - b)ak + qak-i\\ } 



^5,6(afc,afc-i) = ^ i'q,b{z;ak,ak-i). 
Then we obtain the estimate 



^.5) 



Is,k-i{X;q,b) < (X/q)-' ^ (i \f{a;2''+'X/Q)\^'tlj,,,{z;ak,ak-i) da 

lfiz(iX/q 

= {X/q)-^ j\f{a-2^+^X/QT^>g^,{ak.ak^,)da. (8.6) 

Our assumption that 1 < Q ^ x^''^'^^^^^^^^ ensures that X/q ^ q^^{X/q)^^^. 
Then by applying Lemma [8.11 with a = kqak, we deduce from fl8.5p that 

^,,b{ak,ak-i)<^q-\X/qf-'+' 

+ X' J2 ram{{qu)-\X/q)\ \\kquak\\-'}. 

Define 

$(afc,afe_i) = V" max ^g,b(afc, afc_i). (8.7) 

■'— ' (b,q)=l 



q€Q 



Then we arrive at the upper bound 
$(afc,afe_i)«X'=-i+^ ^ q-' 

+ ^' E E mm{{qu)-\X/Q)',\\kqua,\\-'}. 
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By making use of a familiar estimate for the divisor function, therefore, we 
obtain the bound 

l^t)!jfc2'=^(X/Q)'=-i 

Suppose that ak G M, and that c & Z and r G N satisfy {c,r) = 1 and 
\ak — c/r\ ^ r~^. Then it follows from |6l Lemma 2.2] that 

$(«,, ak-i) « iX/Q)'+' {(X/Q)-' + r-i + r(X/g)-'^) . (8.8) 

Applying a standard transference principle (compare Exercise 2 of ^, §2.8]), 
it follows that 

$(«,, «fc_i) « (X/g)^+^ ((X/Q)-i + i3.,e(a)-' + ^.,,(a)(X/Q)-'=) , (8.9) 

where S)r,c{o:) = r + (X/(5)'^|rajt — c|. 

We now compare the respective estimates (18.81) and (18.91) on the one hand, 
and ^12, estimates (10.6) and (10.7)] on the other. In this way, one finds that 
the argument of the proof of [121 Lemma 10.1] leading to the estimate (10.10) 
of that paper may be adapted without serious modification to deliver from 
dSSD and dHZD the bound 

QsAQ) « (X/g)-i i"|/(a;2'=+iX/g)|2^$(«fc,afc_i)da 

« (X/Q)'=-2+v,,fc(2'=+iX/Q) + iX/Qy-'Js,k-ii2''^'X/Q) 
< (X/g)2*-5fc('=+i)+^ ((X/Q)'=-2+'?{^''^) + (x/Qf-^^"^'^^-^^) . 
The conclusion of the lemma now follows. D 

In the next phase of our work in this section, we make use of the iterative 
process from [2j, and this entails the introduction of certain sets of prime 
numbers. Let X be a large real number and for r ^ 1 denote by Yr the set of 
primes in the interval (^sX^^^^^'^^^^\2sX^^^'^^^^^^^]. We adopt the convention in 
what follows that the empty product is 1. 

Lemma 8.3. Suppose that k^3,l^m^k — l,s>m and q = pi- ■ -pm-i, 
where each pi G Yi. Let Vm be any set of 2sk^ primes in the set Ym- Also, 
suppose that b is an integer with ^ b < q satisfying {b, q) = 1. Then 

IsAX;q,b) « maxp2-2n^+|m{n^+i) ^^^ I,_^^^^,{X;pq,b + aq), 

P&Vrn. aeB{p) 

where B{p) = B{p; q, b) denotes the set of integers a with ^ a < p and 
(6 + aq,pq) = 1. 

Proof. This is essentially the special case of [21 Lemma 4.1] in which f{x) = x^. 
The statement of [21 Lemma 4. 1] has the stronger hypotheses that each pi be 
one of the smallest 2sk'^ primes in Yi, and that Vm be the set of 2sfc*^ smallest 
primes in Y^- The argument of the proof, however, shows that the conclusion 
holds whenever pj G F, for 1 ^ i ^ m — 1 and Vm ^Ym- □ 
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Lemma 8.4. When 1 ^ m ^ k — 1, q ^ (^gX"^Y/(^+'^^ and (b, q) = 1, one has 



k-2 



Is,m{X;q,b) « (j[q-\X/qyy,,k-i{X;q,b). 

j=m 

Proof. The argument of the proof of [21, Lemma 4.2] shows that for 1 ^ m ^ 
k — 2, one has 

Is,m{X;q,b) ^ sq-\X/qrh^m^,{X-q,b)- 
The desired conclusion therefore follows by induction on m. D 

We are now equipped to state and prove the main result of this section. 
Define the exponential sum gi^a) = gk{c(', X) by 

gkia;X) = ^ e(aa;^), 



and when s G N, define 



J,(X)= / |(7(«)pM«. 
Jo 



Theorem 8.5. Let s be a natural number. Then whenever r is a natural 
number with 1 ^ r ^ k — 1, one has 

I (X) <^ Ji^2s-fc+e ^^ri;{s,k)-l/r _|_ j^ri;{s,k-l)\ 

where 

?7*(s, w) = r~^r]{s — ^r{r — 1), w). 

Proof. By the Prime Number Theorem, for 1 ^ i ^ r — 1 there is a collection 
d of [Xi/(*(^+^»(2sA;^logX)-i] disjoint sets of 2sk'^ primes in the set Yi. Fix 
some choice of sets Vi G Ci, . . ., Vr-i G Cr-i- By applying Lemma 18731 one 
finds that whenever b and q satisfy the hypotheses of that lemma, then 

2s 1 

Is-^m(m-i),-miX; q, b) < X™(™+i) 2 niax max /,_i„(^+i)_„+i(X;pg, b + aq). 

By iterating this relation, starting with m = 1 and terminating with Lemma 
18.41 at m = r, we obtain 



h{X) « X^^J,_i,(,_y,,_,(X; q, b), (8.10) 



in which 



r-l , , k-2 



1 r-l ^^^ fj + 1 



^^^ m(m + 1) 2 "^^ \ r 

m=l ^ ' j=r ^ 

and q = Pi- ■ -Pr-i for some prime numbers pj G Pj (1 ^ i ^ r — 1). A modest 
computation confirms that 

n = 2s(l - 1/r) + (r - l)/2 + ^k^k - l)/r - ^r^r + l)/r - (A; - 1 - r) 

= 2s{l-l/r) + lk{k-l)/r-k + r. (8.11) 
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On putting Q = (2s)''"^X^"^/''', we see that 2~''Q < q < Q. Moreover, 
distinct choices for the (r — l)-tuple Vi, . . . ,Vr-i produce distinct numbers 
q. Therefore, there is a set Q of integers in the interval {2~'^Q, Q) such that 
f IS.lOp holds for each g G Q. We observe that (g, k) = 1 for every q E Q, and 
moreover that 

7 — 1 r—1 

card(Q) = Yl card(C^) > JJ (Xi/(™(™+i))(logX)-i) 

m=l m=l 

= Xi-i/^(logX)^-»g(logQ)i-^ 
Since X is large, it follows that we may apply Lemma [8.21 to infer that 

(8.12) 
Next, on substituting ( 18.1 ip and fl8.12p into fl8.10p . we deduce that 

^ Is(X) ^ Ji^2s-A:+l-l/r+e /^»7;(s,fc)-l/r _^ ^r?;(s,A:-l)\ _ 

But card(Q) ^ ^i-i/r— e^ ^^j^^-^ g^ ^.j-^g conclusion of the theorem follows by 
dividing left and right hand side of the last relation by card(Q). D 

9. Application to Waring's problem 

The mean value estimate supplied by our new bounds for Js^k{X) via The- 
orem 18.51 may be utilised to derive improvements in our understanding of the 
asymptotic formula in Waring's problem. Before describing our conclusions, 
we introduce some notation. We define the set of minor arcs m = rrifc to be 
the set of real numbers a E [0, 1) satisfying the property that, whenever a G Z 
and q e N satisfy (a, g) = 1 and \qa - a\ ^ {2k)~^X^~'', then q > (2fc)"^X. 
We recall a mean value estimate restricted to minor arcs. 

Theorem 9.1. Suppose that s ^ k"^ — 1. Then for each e > 0, one has 

[ \gk{a;X)\'^da<^X'^''-'^'. 

Jm 

Proof. This is pL4^ Theorem 10.1]. D 

For each natural number v, we define 

A* = min{?7(f , k) - 1, ■r]{v, A; - 1)}, 

where rj is defined as in the preamble to Lemma [HTTl Then, for natural numbers 
V and w we put 

2A;2 - 2 - {2v + w^ ~ w) 



so{k,v,w) = 2k — 2 — 



1 + A*Jw 



) 
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and then define 

Si{k) = min min So{k,v,w). 

l^w^k—l v^l 

2v+w^-w<2k^-2 

Theorem 9.2. Suppose that s and k are natural numbers with k ^ 3 and 
s > Si{k). Then there exists a positive number 6 = 6{k,s) with the property 
that 

-k-5 



f \gk{a;X)\'da<^X' 

Jm 



Proof. The desired conclusion is immediate from Theorem 19. ll in circumstances 
where s ^ 2fc^ — 2, on making use of the trivial estimate \gk{c(', X)\ ^ X. We 
suppose therefore that Si{k) < s < 2k'^ — 2. Let v and w be integers with 
l^w^k — l,v'^l and 2v + w'^ — w < 2k'^ — 2, for which si{k) = So{k,v,w). 
Then by Holder's inequality, one has 



I \g{a)\^da^^l \g{a)\'''-' daY ^j' \g{a)\'^^^'-- da) 



l-a 



where 

s — {2v + w"^ — w) 



2fc2_2- (2v + w^-w)' 
By applying Theorem 18.51 and Theorem 19. II in sequence, one finds that 

f \g{a)\'da < X' (x^k^-k-sj j^^2.W— fc+A*/«,y-'^ 

_ ■^s-k-a+(l-a)Al/w+e ^ /g^j^'v 

Since we may suppose that 

(2A;2 - 2) a; + w{2v + w'^ ~ w) 



s > SQ{k, V, w) 



w + A* 



we see that a > (1 — a)A*/w, and the conclusion of the theorem follows at 
once from (19. ip . D 

We now recall some notation associated with the asymptotic formula in 
Waring's problem. When s and k are natural numbers, let Rs,k{n) denote the 
number of representations of the natural number n as the sum of s kth powers 
of positive integers. A formal application of the circle method suggests that 
for k ^ 3 and s ^ A; + 1, one should have 

RsAn) = ^^^l^J^^^Mn'^'^' + o{n'^'-'), (9.2) 



where 



&s,kin) = Yl Yl U ^I^^KV?) e{-na/q). 



q=l a=l \ r=l 

{a,q)=l 



Subject to suitable congruence conditions, one has 1 <C &s,k{n) <^ n^, so that 
the conjectured relation (19.21) represents an honest asymptotic formula. Let 
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G{k) denote the least integer t with the property that, for all s ^ t, and all 
sufficiently large natural numbers n, one has the asymptotic formula (19. 2p . 

The argument following the proof of [131 Lemma 3.1] may be adapted in 
the present circumstances to show that G{k) ^ [■Si(/i;)] + 1 for A; ^ 3. For 
each natural number m ^ A; — 1, we find from Theorem 11.21 that when v = 
{k — mY + {k — m), one has 

r]{v, k) — 1 ^ m^ — 1 and r]{v, k — I) ^ (m — 1)^, 

so that we may take 

A* = m2-1 for v = {k-mf + {k-m). (9.3) 

Similarly, again from Theorem II. 2 [ one finds that when v = {k — m)^ — 1, one 

has 

2 ^ ^ 



ri{v, k) — 1 ^ m +771 — 1 + 



k — m — 1 

and 

in — 1 

T](v, k-1) ^(m-lf + (m-l) -1 + , 

k — m 

so that we may take 

A*=m^ + m-l + - for v = (k - mf - 1. (9.4) 

k — m — 1 

Employing these exponents (19.31) and (19. 4p in order to obtain upper bounds for 
Si{k), we obtain the upper bounds for G{k) recorded in the following corollary. 

Corollary 9.3. One has 

G(12) ^ 253, (5(13) ^ 299, (5(14) ^ 349, G(15) < 403, (5(16) ^ 460, 
(5(17) ^ 521, G(18) ^ 587, (5(19) ^ 656, G(20) ^ 729. 

We note that in each of these bounds, it is (19. 4 p which is utilised within the 
formula for Si{k). One takes m = 2 for k = 12, and m = 3 for 13 ^ /c ^ 20. 
Meanwhile, one takes w = 5 for k = 12, w = 6 for k = 13, 14, and w = 7 for 
15 ^ fc ^ 20. 

For comparison, the bounds for G{k) made available in |14[ Corollary 1.7] 
show that 

(5(12) ^ 255, G(13) ^ 303, G(14) ^ 354, (5(15) ^ 410, G(16) < 470, 

G(17) ^ 534, (5(18) ^ 602, G(19) ^ 674, G(20) ^ 748. 

For k ^ 11, the bounds for G{k) in [14i Corollary 1.7] prove superior to those 
that follow from the work of this paper. For large values of k, meanwhile, the 
conclusion of [HI Corollary 1.6] shows that 

G{k) ^2e-k^l^ + 0{k). 

We are able to provide a modest improvement in this bound as a consequence 
of Theorem 19.21 
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Corollary 9.4. When k is a large natural number, one has 

Proof. As we have already noted, one has G{k) ^ [■Si(fc)] + 1, and so it suffices 
to bound Si{k) for large values of k. We take 

m= [22/3A;V3]^ ^; = (A; - m)2 + (A; - m) and w = [2'^^k''^^], 

so that from (19.31) one obtains 

,, , ^,2 n 2k^-2-2{k^-2mk)-w^ + Oik) 

1 + rri'^/w + U{k ^'-^j 
_ 2_ 4(2^/3A;V3)A; - 2^/^k^/^ + Ojk) 
~ "^ 3 + 0(A;-i/3) 

= 2e-2^/'k^/' + 0{k). 
This conffims the conclusion of the corollary. D 
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